Abstract: We show that propagation of ultrashort (few-cycle) pulses in nonlinear Drude metamaterials with both electric and magnetic Kerr nonlinearities is described by coupled generalized Short Pulse Equations. The resulting system of equations generalizes to the case of metamaterials both the Short Pulse Equation and its vector generalizations.
A typical metamaterial with the negative refraction index is composed of a combination of a regular array of electrically small resonant particles, referred to as split-ring resonators, and a regular array of conducting wires responsible, respectively, for the negative electric permittivity and negative magnetic permeability. The size and spacing of these elements is supposed to be much smaller than the wavelength of the propagating optical field, so that the metamaterial can be considered as a homogeneous medium.
Different models have been used to describe propagation of short and ultrashort optical pulses in metamaterials. For metamaterials without nonlinear magnetization a generalized nonlinear Schrö-dinger equation (NSE) has been derived [1, 2, 3, 4, 5] . For metamaterials with nonlinear magnetizations a single-component NSE for the electric field has been obtained in [6] . For the sufficiently long temporally optical pulses a system of coupled NSE can be used [7, 8, 9, 10] .
However, for ultrashort few-cycle pulses the envelope approximation is not valid and the NSE cannot be applied. For metamaterials without the nonlinear magnetization a single-component generalized SPE for the electric field has been obtained in [11, 12] . When the nonlinear magnetization is present the equations for the electric and magnetic field cannot be uncoupled [13] . Here we show that the propagation of few-cycle pulses in metamaterials with electric and magnetic Kerr-type nonlinear response can be described by a coupled system of Short Pulse Equations for the electric and magnetic field.
It has been shown that a composite metamaterial with negative refraction index can develop a nonlinear macroscopic magnetic response. This means that, although the host medium has a negligible magnetic nonlinearity, the periodic inclusions of the metamaterial can produce an effective magnetic nonlinear response.
Thus, let us consider a metamaterial with nonlinear magnetization. Let us start from the Maxwell equations for an optical field propagation along the z-direction.
where it is assumed that the electric and magnetic fields are linearly polarized:
The dielectric and magnetic response of a nonlinear material is characterized by electric displacement fieldD(ω) = ǫ(ω)Ẽ(ω), magnetic inductionB(ω) = µ(ω)H(ω), nonlinear polarization P nl = ǫ nl E, and nonlinear magnetization M nl = µ nl H.
Let us assume that both the electric and the magnetic nonlinearities are of Kerr type, ǫ nl = χ e E 2 and µ nl = χ m H 2 . Substituting the material equations into the Maxwell equations we obtain in the frequency domain:
Acting with ∂ z on equation (1) and using equation (2) we get:
Similarly, acting with ∂ z on equation (2) and using equation (1) we obtain:
Now, let us assume that the dispersive properties of the metamaterial are given by the lossless Drude model:
where ω e and ω m are the electric and magnetic plasma frequencies, respectively. Then
Neglecting the term proportional to ω −4 and using ǫ 0 µ 0 = 1/c 2 , where c is the velocity of light in vacuum, we obtain:
Substituting these formulas into equations (3) and (4), applying the Fourier transform and neglecting higher order nonlinear terms proportional to E 2 H 2 we obtain:
and
Introducing new variables: τ = t − z/c and ζ = z for which ∂ zz = 1/c 2 ∂ τ τ + 2/c ∂ ζτ + ∂ ζζ and ∂ tt = ∂ τ τ in equations (5) and (6) and making use of the paraxial approximation: ∂ ζζ E = ∂ ζζ H = 0, we obtain:
Thus, we have obtained the set of two coupled generalized Short Pulse Equations. In the limit ω m → 0 and χ m → 0 equation (7) 
which later was shown to be an integrable system [15, 16] . With certain combination of the parameters of the metamaterial we can also obtain from equations (9) and (8) different integrable vector generalizations of the short pulse equation obtained by us [17] and other authors [18, 19] .
In conclusion, a consideration of the propagation of ultra-short few-cycle polarized optical pulses in the Drude metamaterial optical fibers with electric and magnetic Kerr nonlineratity leads to the coupled set of equations which generalizes the Short Pulse Equation. It allows to describe the ultra-short and spectrally broad optical pulses beyond the slow varying envelope approximation. It may open a possibility of studying a new class of optical phenomena in metamaterials when the spectral range of the optical field overlaps the regions with different signs of optical indices of the metamaterial.
